Pressure-induced orientational ordering transitions in solid molecular hydrogen and its isotopes are determined by path integral Monte Carlo (PIMC) methods. Effective interactions among molecules in the solid are calculated in the local density approximation (LDA). Unlike previous calculations which have systematically underestimated the ordering densities for this system, the present PIMC/LDA treatment a ords a calculation of the phase diagrams of H 2 and D 2 in excellent agreement with experiment for orientational ordering up to a pressure of 100 GPa.
Interest in the determination of the pressure-temperature phase diagram of hydrogen dates to the advent of quantum theory when Wigner and Huntington predicted the transformation of solid molecular hydrogen into a metal under high-pressure conditions 1]. Considerable experimental and theoretical work on this topic have appeared in the literature since then 2]. However, a de nitive determination of the phase diagram of hydrogen is still lacking due to the inherent theoretical and experimental di culties associated with this system. Solid hydrogen and deuterium exhibit complex phase diagrams of molecular orientational order-disorder transitions which depend on the quantum statistics of the molecules: the ground state of ortho-H 2 , characterized by odd angular momentum, orders at zero pressure onto an fcc lattice with the Pa3 structure 2], while orientational ordering in para-H 2 requires the application of a pressure of 110GPa 3]. Similarly, para-D 2 orders at zero applied pressure and ortho-D 2 orders at 28 GPa 4] .
Theoretical treatments of these orientational transitions must embody the quantum character of the nuclei. Early mean eld e orts using electric quadrupolequadrupole interactions predicted orientational ordering at arti cially low pressures 5], as do calculations in the random phase approximation 6]. A time-dependent Hartree calculation including center-of-mass molecular translational as well as rotational degrees of freedom found little change in the transition pressure 7] as compared to earlier, rotation-only calculations. Variational and di usion Monte Carlo calculations have been performed for a combined system of electrons and protons 8], yielding a rough estimate of 100 GPa for the ordering in fcc para-H 2 , comparable to experimental observations. These previous studies of the ordering transition (except Ref. 8] ) are based on pair-potential interactions extracted from gas phase experimental data or from ab initio calculations for isolated pairs of dimers 2, 9] . The use of such potentials at high pressures has previously been questioned 10, 11] . Systematic underestimation of the ordering pressure in the condensed phase suggests an overestimate of the angular dependence of the dimer interactions. This reveals the importance in the solid of many-body e ects on the intermolecular potential.
In this Letter we report calculations of the phase diagrams for rotational ordering in compressed para-H 2 and its isotopes, ortho-D 2 and para-T 2 , on the basis of PIMC simulations utilizing an LDA-derived potential energy. Our results suggest that the electronic contribution to the total energy can be described by a density-dependent e ective pair-potential derived from a one-parameter renormalization of a bare pairwise additive intermolecular potential 9]. The renormalization factor is obtained by a t to LDA total-energies for various oriented structures, in which we retain the angular variation of the potential but modify its magnitude. PIMC simulations using such an LDA-scaled intermolecular pair potential give predictions of orientational ordering of para-H 2 and ortho-D 2 in very good agreement with available experimental observations.
Ignoring the e ects of phonons and vibrons (intra-molecular vibrations), the Hamiltonian for solid hydrogen in the Born-Oppenheimer approximation reduces to that for a system of N rigid rotors xed at lattice sites:
where L i is the angular momentumoperator of rotor i, i its orientation direction, and R ij is the separation vector between sites i and j. The rotational constant B = h 2 =2I, where I is the rotor moment of inertia. Eq. 1 assumes the angle-dependent molecular pair potential form motivated below (Fig. 1) . A pair-potential, V 0 , has previously been tted to dilute gas data and quantum chemistry calculations 9].
The equilibrium properties of the rigid-rotor Hamiltonian (Eq.1) can be studied exactly by path integral methods 12]. The states entering the single-rotor density matrix needed in the description of the partition function of the system are either even-l (para-H 2 ) or odd-l (ortho-H 2 ). We con ne ourselves to the even-l case, due to the quantum Monte Carlo \minus sign problem" for odd-l. Also, most of our quoted results are for rigid dimers xed at 0.74 A; the e ect of phonons and vibrons will be subsumed in renormalized values of B and V below.
Within the Born-Oppenheimer approximation, the LDA can be used to calculate the total energy of any static ionic con guration and thus provide an e ective potential for the ions. Ideally, LDA calculations would be used for every ionic con guration needed in the PIMC simulation. However, ab initio total-energy calculations are too lengthy for such a purpose. As a result, we t a new angle-dependent molecular pair potential, V LDA , to the LDA energies. Three classes of crystal structures are tted. The rst consists of the ideal Pa3 structure (4 molecules per cell), which minimizes the interaction of electric quadrupoles, the dominant term in the molecular interaction.
The second class of structures consists of perturbations of Pa3 (e.g., a rotation of one molecule to di erent orientations). The third class consists of orientationally disordered 4-site fcc structures. The rst two classes of structures must be t to treat uctuations from the ordered phase expected at high pressure, while the third class is appropriate for the case of freely rotating molecules expected at low pressure. Any successful model must accurately describe both limits.
Results of total-energy calculations for various molecular H 2 structures are indicated in Fig. 1 where LDA energies are plotted versus the energy computed using the dilute gas pair-potential 9]. LDA total energies were calculated using Coulombic ionic potentials with 216k-points in the full zone and a plane wave expansion cut o at 60 Ry. A renormalization of the gas potential by a scaling factor V LDA (R ij ) ( )V 0 (R ij ) is found to be valid over a wide range of densities , with 0:61 + 0:31(R=R 0 ? 0:5) (see below); yielding = 0:66 at 10GPa and = 0:61 at 120GPa.
Some structures are not adequately described by the pair-potential, e.g., an fcc lattice of dimers aligned on the 111] axis (see Fig. 1 ). Similarly ordered structures with small band gaps are also poorly modeled. They represent a negligible part of phase space and are excluded from the t. Eventually, the t to LDA energies fails (beyond eight-fold compression) as many random structures metallize. Here, we believe that an extrapolation of from lower densities provides a better e ective potential than the LDA, which underestimates the band gap 13]. This assumption fails when the physical system metallizes or when the temperature exceeds the band gap.
We now describe the results of our rigid-dimer PIMC simulations based on the LDA-scaled intermolecular potential described above. The order parameterÔ is de ned bŷ
where P 2 is the Legendre polynomial and the unit vector u i points along a particular set of Pa3 directions on the fcc lattice 14]. Simulations were performed for both the gas potential, V 0 , and the one tted to LDA results, V LDA . The predicted ordering using V LDA at T = 20K is in excellent agreement with the experimental value of 29GPa 4]. However, the use of the unscreened potential V 0 yields an ordering pressure of only 12 GPa.
Simulations were performed for di erent temperatures and isotopic masses to construct the phase diagram in Fig.3 (a) . The classical case (B = 0) is also computed.
We estimate the T = 0 transitions to occur at (R=R 0 ) = 0:524(3); 0:591(3); and 0:640(4), for H 2 , D 2 , and T 2 , respectively. Employing the bare potential, V 0 , yields ordering transitions at pressures 2:5 times too low. We note that mean eld theory further underestimates the transition pressure by a factor 1: 5 10, 15] .
Densities are converted to pressures using the equation of state (EOS) ts for H 2 and D 2 due to Hemley et al. 16 ]. The resulting temperature-pressure phase diagram is shown in Fig.3 (b) . The T = 0 transition pressures of the three isotopes are P = 75(3); 26:4(9), and 12.3(7) GPa. From the di erent ts provided in Ref. 16] we estimate there is an additional 3-4% uncertainty in pressure. There is further uncertainty as our estimated H 2 transition pressure is nearly three times greater than the largest measured pressure used in the EOS t. It is encouraging, however, that the use of di erent tting forms and measurements 16, 17] yield pressures that agree to within 2% up to 100GPa. Our D 2 result of 26:4(9)GPa is in excellent agreement with the low-temperature experimental determination by Silvera and Wijngaarden of 27.8(5) GPa.
Our PIMC results 18] for the hcp lattice, (with c=a = q 8=3), using the above fcc-derived V LDA suggest that ortho-D 2 orders at 49GPa and para-H 2 at 120GPa on the hcp lattice; substantially higher than for the fcc case. Lorenzana et al. 3] have observed the low temperature para-H 2 orientational ordering to occur at 110GPa. Thus, our results strongly suggest that ortho-D 2 orders into the fcc lattice and para-H 2 into the hcp. Indeed, static lattice LDA calculations 19] indicate a transition from fcc (Pa3) to hcp at a pressure below 100GPa. Therefore, upon further compression ortho-D 2 should, presumably, transform from Pa3 to an hcp structure.
It is of interest to combine the hcp quantum results with an extrapolation of the classical results in order to examine the hcp H 2 orientational order-disorder phase line. This may have important consequences on the H-A phase transition 20] (in which a large 100cm ?1 vibron discontinuity is observed). In hydrogen, a critical point to the H?A phase transition is believed to occur near T = 140 K and P = 170GPa.
Our initial hcp data are shown in Fig.3 (b) and suggest that the orientational orderdisorder line lies close to this critical point. It is conceivable that the orientational order-disorder phase line passes through the H-A critical point, i.e., the H-A phase transition (whatever it is) only occurs between ordered phases. However, we must reiterate the caveat that our pair-potential approximation will most likely fail around the insulator-metal transition point and that this may be in the 150 GPa range 13].
More work is required to characterize the hcp H 2 order-disorder phase boundary. Longer Monte Carlo simulations are needed to determine accurately the transition point and the structure, and the c=a ratio should be varied (indeed, di erent Bravais lattices should be considered). The possibility that the screened pair-potential approximation fails at these high pressures must be addressed; it is also not clear that the renormalization factor obtained from fcc calculations can be used in the hcp case. Finally, one must address the contribution of the vibron degrees of freedom that we have neglected.
To conclude, we discuss the use of the rigid-dimer approximation as regards the fcc phase transitions. As in Ref. 7] , we estimate how the parameters in Eq. 1 vary with density, and compute the shift in the orientational ordering transition point. We have considered: 1) the phonon zero-point motion renormalization 2] of V LDA , 2) the modi cation of V LDA due to vibron zero point motion, and 3) the e ect of dimer length contraction 21, 11] on B and on V LDA . The phonon e ect is small, roughly 1% in the transition pressure. Additional LDA calculations were performed with varying dimer lengths, r, to estimate ( ; r) in order to address 2) and 3). Using reasonable models for the dimer length changes, is averaged over r with respect to the gas H 2 molecule (vibron) radial wavefunction. Combining the three e ects, we nd for ortho-D 2 the T = 0 transition pressure changes to 25:6 or 29:1GPa, using, respectively, our LDA estimates of dimer length, or combined experimental and Hartree-Fock predictions (Fig.4 of Ref. 11]) . Values of 77 and 85GPa are obtained for para-H 2 . Thus, the good agreement of the D 2 calculation with experiment is preserved, and the corrections to H 2 are not excessive.
In summary it has been shown that accurate phase diagrams for orientational ordering in compressed hydrogen can be calculated by a combination of path integral and density functional methods. Methods such as these are mandated since dilute gas intermolecular potentials and mean eld calculations both seriously overemphasize the tendency to order and yield quantitatively inaccurate predictions of orientational ordering pressures. 
